Ito's conjecture and the coset construction for ${\mathcal
  W}^k(\mathfrak{sl}(3|2))$ by Genra, Naoki & Linshaw, Andrew R.
ar
X
iv
:1
90
1.
02
39
7v
2 
 [m
ath
.R
T]
  1
2 A
ug
 20
19
ITO’S CONJECTURE AND THE COSET CONSTRUCTION FOR
Wk(sl(3|2))
NAOKI GENRA AND ANDREW R. LINSHAW
Abstract. Many W-(super)algebras which are defined by the generalized
Drinfeld-Sokolov reduction are also known or expected to have coset realiza-
tions. For example, it was conjectured by Ito that the principalW-superalgebra
Wk(sl(n+1|n)) is isomorphic to the coset of V l+1(gln) inside V
l(sln+1)⊗E(n)
for generic values of l. Here E(n) denotes the rank n bc-system, which carries
an action of V 1(gln), and k and l are related by (k + 1)(l + n+ 1) = 1. This
conjecture is known in the case n = 1, which is somewhat degenerate, and
we shall prove it in the first nontrivial case n = 2. As a consequence, we
show that the simple quotient Wk(sl(3|2)) is lisse and rational for all positive
integers l > 1. These are new examples of rational W-superalgebras.
1. Introduction
Let g be a basic classical Lie superalgebra over C, f a nilpotent element with
even parity, k a complex number and
Γ : g =
⊕
j∈ 1
2
Z
gj
a good grading for f . Then the (affine)W-algebrasWk(g, f ; Γ) are defined as 12Z≥0-
graded vertex superalgebras by generalized Drinfeld-Sokolov reductions associated
with g, f,Γ, k [FF, KRW]. By [KW3], we have the Miura map
µ : Wk(g, f ; Γ)→ V τk(g0)⊗ Φ(g 1
2
),
where V τk(g0) is the affine vertex superalgebra of g0 with its invariant bilinear
form τk (see (2.2) in [Ge] for the definition of τk), and Φ(g 1
2
) is the neutral vertex
superalgebra associated with g 1
2
(see [KRW] for the definition of Φ(g 1
2
)). If k is
generic,Wk(g, f ; Γ) is simple, so µ is injective and the image of µ may be described
as the intersection of kernels of screening operators; see [Ge]. By [KW3, KW4], if
{ui}dimg
f
i=1 is a basis of g
f with ui ∈ gji , where gf is the centralizer of f in g, the
W-algebraWk(g, f ; Γ) has a minimal set {J˜ui}dimg
f
i=1 of strong generators, and then
J˜ui has the conformal degree 1 − ji and the same parity as ui, i.e. Wk(g, f ; Γ) is
of type W(1− j1, . . . , 1− jdimgf ). See e.g. [CL, Section 2] for definitions of strong
generators and type of vertex superalgebras.
It is often useful to give an alternative realization of Wk(g, f ; Γ) using the coset
construction. Recall that given a vertex algebra V and a vertex subalgebra A ⊂ V ,
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the coset of A in V is defined by
Com(A,V) := {v ∈ V| [a(z), v(w)] = 0, ∀a ∈ A}.
This was introduced by Frenkel and Zhu in [FZ], and it generalizes earlier construc-
tions in representation theory [KP] and physics [GKO]. Suppose that L and L′
are the Virasoro elements of V and A, respectively. Then under mild hypotheses,
L − L′ is the Virasoro element of Com(A,V), and v ∈ V lies in Com(A,V) if and
only if L′−1v = 0; see Theorems 5.1 and 5.2 of [FZ]. These results also hold if V and
A are vertex superalgebras, and if the conformal degree grading is by 12N rather
than N. It is expected that Com(A,V) will inherit properties of A and V such as
lisseness and rationality, although general results of this kind are not yet known.
We say the vertex subalgebras A,B of V form a dual pair if B = Com(A,V) and
A = Com(B,V); in this case, A⊗ B is conformally embedded in V .
Given a simple Lie algebra g, let Wk(g) denote the universal W-algebra of g
associated to this principal nilpotent element and principal gradation. We denote
by Wk(g) its unique simple graded quotient. It was proven by Arakawa [Ar2, Ar3]
that Wk(g) is lisse and rational when k is a non-degenerate admissible level. These
W-algebras are called the minimal series principal W-algebras since in the case
g = sl2 they are exactly the minimal series Virasoro vertex algebras. They are
not necessarily unitary, but if g is simply laced, there exists a sub-series called the
discrete series which were conjectured for many years to be unitary.
For a simple Lie algebra g and l ∈ C, let V l(g) be the universal affine vertex
algebra associated with g of level l, and let Ll(g) be its unique simple quotient
which is graded by conformal degree. We denote by u(z) the generating fields of
V l(g) for u ∈ g. By abuse of notation, we also denote by u(z) the generating fields
of Ll(g). There exists a diagonal homomorphism
V l+1(g)→ V l(g)⊗ L1(g), u(z) 7→ u(z)⊗ 1 + 1⊗ u(z), u ∈ g,
and if we identify V l+1(g) with its image inside V l(g)⊗L1(g), Com(V l+1(g), V l(g)⊗
L1(g)) is well defined. The following result was proven in [ACL].
Theorem 1.1. Let g be simply laced and let k, l be complex numbers related by
k + h∨ =
l+ h∨
l + h∨ + 1
,
where h∨ is the dual Coxeter number of g.
(1) For generic values of k, we have a vertex algebra isomorphism
Wk(g) ∼= Com(V l+1(g), V l(g)⊗ L1(g)),
and V l+1(g) and Wk(g) form a dual pair inside V l(g)⊗ L1(g).
(2) Suppose that l is an admissible level for gˆ. Then k defined above is a non-
degenerate admissible level for gˆ so that Wk(g) is a minimal series W-algebra.
We have a vertex algebra isomorphism
Wk(g) ∼= Com(Ll+1(g), Ll(g)⊗ L1(g)),
and Ll+1(g) and Wk(g) form a dual pair in Ll(g)⊗ L1(g).
This was conjectured in [BBSS] in the case of discrete series, which correspond
to the case k ∈ N, and by Kac and Wakimoto [KW1, KW2] for arbitrary minimal
series W-algebras. The conjectural character formula of [FKW] for minimal series
representations ofW-algebras that was proved in [Ar1], together with the character
ITO’S CONJECTURE AND THE COSET CONSTRUCTION FOR Wk(sl(3|2)) 3
formula of [KW2] of branching rules, proves the matching of characters. This
provided strong evidence for the conjecture before [ACL] appeared. Theorem 1.1
immediately implies the unitarity of the discrete series W-algebras. It also has
the following striking application. Suppose that g is simply laced and k is an
admissible level for gˆ. In [CHY, C], a certain subcategory of the Bernstein-Gelfand-
Gelfand categoryO for the corresponding affine Lie algebra gˆ was considered. Using
Theorem 1.1, it was shown that this category has a natural ribbon vertex tensor
category structure, which is modular under some mild arithmetic conditions on k.
This gives the first examples of such modular tensor categories for vertex algebras
that are not lisse.
Since Theorem 1.1 has many applications, it is an important problem to find
coset realizations of other families of W-(super)algebras. One such family involves
the W-superalgebra Wk(sl(n+ 1|n)) associated to the principal nilpotent element
in the even part of sl(n + 1|n). It was first suggested in the physics literature by
Ito [I1, I2] that for generic values of k, this should be isomorphic to a certain coset
vertex algebra called the SU(n+1)/SU(n)×U(1) coset model. It is an example of
a general family of cosets constructed by Kazama and Suzuki in [KS] which have
N = 2 superconformal symmetry. We give a slightly different construction of this
coset which we denote by Cl(n), where k and l are related by (k+1)(l+n+1) = 1; see
Lemma 3.2. In this paper, we shall call this expected isomorphism Ito’s conjecture;
it was previously stated in this form in the introduction of [CL]. It clearly holds
in the case n = 1, since both Wk(sl(2|1)) and Cl(1) are known to be isomorphic
to the N = 2 superconformal vertex algebra [KRW, CL]. Our main result in this
paper is that Ito’s conjecture holds in the first nontrivial case n = 2. As a corollary,
we show that the simple W-superalgebrasWk(sl(3|2)) are lisse and rational, where
(k + 1)(l + 3) = 1 and l > 1 is a positive integer.
2. Free field realization of Wk(sl(n+ 1|n))
We introduce free field realizations of the W-superalgebra Wk(sl(n + 1|n)) as-
sociated to the principal nilpotent element in the even part of sl(n + 1|n). In this
paper, we follow the same notations for vertex (super)algebras as in Section 2 in
[CL]. Let {ei,j}2n+1i,j=1 be the standard basis of gl(n+1|n). Denote by h˜ =
⊕2n+1
i=1 Cei,i
a Cartan subalgebra of gl(n + 1|n) and by h˜∗ = ⊕2n+1i=1 Cǫi the dual of h˜, where
{ǫi}2n+1i=1 is the dual basis of h˜∗, i.e. ǫi(ej,j) = δi,j . Let h = {h ∈ h˜ | str(h) = 0}
be a Cartan subalgebra of sl(n + 1|n) ⊂ gl(n + 1|n), where str denotes the super
trace. We identify h∗ with h by the super trace and denote by h∗ ∋ λ 7→ tλ ∈ h,
i.e. λ(h) = str(tλh) for all h ∈ h. Set a non-degenerate symmetric bilinear form
(λ|λ′) = str(tλtλ′) on h∗ for λ, λ′ ∈ h∗. Then ∆ = {ǫi−ǫj | 1 ≤ i 6= j ≤ 2n+1} is the
root system of sl(n + 1|n) associated with h. Define a set Π = {αi | i = 1, . . . , 2n}
of simple roots by α2i−1 = ǫi − ǫi+n+1 and α2i = ǫi+n+1 − ǫi+1 for i = 1, . . . , n.
Since (αi|αj) = (−1)i+1δj,i+1 for all i ≤ j, all simple roots are odd and isotropic.
Fix a root vector eǫi−ǫj = ei,j for i 6= j. Let
f = fprin :=
2n−1∑
i=1
e−αi−αi+1 =
∑
1≤i≤2n
i6=n+1
ei+1,i
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be a principal nilpotent element in the even part of sl(n+ 1|n), and
x :=
n∑
i=1
i
2
(tα2i + tα2n−2i+1) =
n+1∑
i=1
(n
2
− i+ 1
)
ei,i +
n∑
i=1
(
n
2
− i+ 1
2
)
ei+n+1,i+n+1
a semisimple element of sl(n+1|n) in h. Then ad(x) defines a good grading Γ = Γx
on sl(n + 1|n) for fprin such that all positive roots has non-negative degree. The
corresponding weighted Dynkin diagram is the following:
❡×
1
2
α1
❡×
1
2
α2
· · · ❡×
1
2
α2n−1
❡×
1
2
α2n
.
See [Ho] for good gradings of sl(n + 1|n). We have g0 = h and τk(u|v) = (k +
1) str(uv) for all u, v ∈ h. Thus, H = V τk(g0) is the Heisenberg vertex algebra
generated by fields αi(z) of conformal degree 1 for i = 1, . . . , 2n which satisfy that
αi(z)αj(w) ∼ (−1)
i+1(k + 1)δj,i+1
(z − w)2
for all i ≤ j. Since g 1
2
=
⊕2n
i=1 Ceαi and str(f [eαi , eαj ]) = (−1)i+1δj,i+1 for all
i ≤ j, Φ(g 1
2
) is the vertex superalgebra generated by odd fields Φi(z) = Φαi(z) of
conformal degree 12 which satisfy that
Φi(z)Φj(w) ∼ (−1)
i+1δj,i+1
z − w
for all i ≤ j. By [Ge], for generic k, we have an isomorphism
Wk(sl(n+ 1|n)) :=Wk(sl(n+ 1|n), fprin; Γx) ≃
2n⋂
i=1
KerQi,(2.1)
where
Qi =
∫
: e−
1
k+1
∫
αi(z) Φi(z) : dz
for all i are screening operators acting on H⊗ Φ(g 1
2
). If k 6= −1, Wk(sl(n+ 1|n))
is conformal with central charge −3n(kn+ k + n).
Replacing k by a indeterminate k in T = C[k, (k+1)−
1
2 ], we define theW-algebra
Wk(sl(n+ 1|n)) over T , which also satisfies (2.1). Let
G
(n)
+ =
1√
k+ 1
n∑
i=1

 n∑
j=i
: α2i−1Φ2j : +i(k+ 1)∂Φ2i

 ,
G
(n)
− =
1√
k+ 1
n∑
i=1

 i∑
j=1
: α2iΦ2j−1 : +(n− i+ 1)(k+ 1)∂Φ2i−1

 ,
H(n) = (G
(n)
+ )(1)(G
(n)
− ), L
(n) = (G
(n)
+ )(0)(G
(n)
− )−
1
2
H(n).
Then H(n)(z), G
(n)
± (z), L
(n)(z) generate a copy of N = 2 superconformal vertex
algebra, and belong to
⋂2n
i=1 KerQi, which has been shown in [I2, Section 2.2].
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Since the specialization of Wk(sl(n + 1|n)) at k = k ∈ C\{−1} coincides with
Wk(sl(n+1|n)),Wk(sl(n+1|n)) has a copy of N = 2 algebra. As shown in Section
7 in [KRW], in the case n = 1,Wk(sl(2|1)) is just isomorphic to the N = 2 algebra.
3. The Kazama-Suzuki coset
In [KS], Kazama and Suzuki constructed a class of coset vertex algebras called
G/H models that are attached to a Lie group G and a closed subgroup H ⊂ G.
Let g and h be the Lie algebras of G and H , respectively, and let F(g) and F(h)
denote the free fermion algebras attached to g and h. If g is simple, there is a
homomorphism V h
∨
(g)→ F(g) sending u(z) 7→ u˜(z), so there is a diagonal homo-
morphism V k(g) → V k−h∨(g) ⊗ F(g). Replacing the generators u(z) of V k−h∨(g)
with the diagonal generators u(z)⊗ 1 + 1 ⊗ u˜(z), we see that V k−h∨(g) ⊗ F(g) is
isomorphic to the vertex superalgebra with OPE relations given by (2.4)-(2.6) of
[KS]. We denote this vertex superalgebra by SV k(g), and we observe that both
V k(g) and F(g) are subalgebras of SV k(g). Additionally, SV k(g) has an action of
the N = 1 superconformal vertex algebra given by (2.23)-(2.24) of [KS]. In fact,
this construction makes sense for any finite-dimensional g with a nondegenerate
symmetric invariant bilinear form, not necessarily simple.
The embedding h →֒ g induces a homomorphism SV k′(h)→ SV k(g), where the
relationship between the levels k, k′ is determined from this embedding, and the
G/H coset model is just the coset Com(SV k
′
(h), SV k(g)). These cosets have an
N = 1 superconformal symmetry which is given explicitly by (2.37) and (2.42) of
[KS], and the authors also determined the precise conditions under which this is
enhanced to N = 2 symmetry.
The relevant case here corresponds to G = SU(n + 1) and H = SU(n)× U(1),
which has N = 2 symmetry. In this case, there is a slightly simpler construction of
the same coset, which we describe below; see also Example 7.11 of [CL]. Let E be
the bc-system, i.e., the vertex superalgebra generated by odd fields b(z) and c(z)
which satisfy
b(z)c(w) ∼ 1
z − w , b(z)b(w) ∼ 0 ∼ c(z)c(w).
Set E(n) = E⊗n, and denote by bi(z), ci(z) the generating fields b(z), c(z) of the
i-th component in E(n). Then bi(z), ci(z) are both primary of conformal degree 12
with respect to the Virasoro element
L(z) = −1
2
n∑
i=1
(
: bi(z)∂ci(z) : − : (∂bi(z))ci(z) :
)
,
which has central charge n. We have a V 1(gln)-module structure on E(n) defined
by
ei,j(z) 7→ : bi(z)cj(z) :,
which in fact descends to an action of the simple quotient L1(gln). Here {ei,j}ni,j=1
denotes the standard basis of gln. Set hi = ei,i−ei+1,i+1. Since V l(gln) ⊂ V l(sln+1)
by
ei,j(z) 7→ ei,j(z) (i 6= j), hi(z) 7→ hi(z), (i = 1, . . . , n− 1),
n+1∑
i=1
ei,i(z) 7→ ̟n(z) = 1
n+ 1
n∑
i=1
ihi(z),
(3.1)
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we have an embedding V l+1(gln) →֒ V l(sln+1) ⊗ E(n) defined by the diagonal
action, where ̟n is a semisimple element corresponding to the n-th fundamental
weight of sln+1.
Lemma 3.1. For any vertex (super)algebras A, B, and C with A ⊂ B, we have
Com(A⊗ C,B ⊗ C) = Com(A,B)⊗ Com(C, C).
In particular, Com(A⊗ C,B ⊗ C) = Com(A,B) whenever C has trivial center.
Proof. The inclusion Com(A,B) ⊗ Com(C, C) ⊂ Com(A ⊗ C,B ⊗ C) is obvious, so
let ω ∈ Com(A⊗ C,B ⊗ C). Without loss of generality, we may write
ω =
∑
i
bi ⊗ ci,
where {bi} is a linearly independent subset of B, and ci ∈ C. Since ω commutes
with C and each bi commutes with C, it follows from the linear independence of
{bi} that each ci ∈ Com(C, C).
Next, let {c′j} be any basis for Span({ci}), and rewrite ω in the form
ω =
∑
j
b′j ⊗ c′j ,
where b′j are appropriate linear combinations of {bi}. Clearly each c′j ∈ Com(C, C).
Since ω commutes with A and each c′j commutes with A, it follows from the linear
independence of {c′j} that each b′j ∈ Com(A,B). Therefore ω ∈ Com(A,B) ⊗
Com(C, C). 
Lemma 3.2. The coset vertex superalgebra
Cl(n) := Com(V l+1(gln), V
l(sln+1)⊗ E(n)),
which has central charge c =
3nl
1 + n+ l
, is isomorphic to the SU(n+1)/SU(n)×U(1)
coset Com(SV k
′
(gln), SV
k(sln+1)) in [KS], where k
′ = k and l = k − n− 1.
Proof. First, recall that we can replace SV k(gln) and SV
k(sln+1) with V
k−n(gln)⊗
F(gln) and V k−n−1(sln+1) ⊗ F(sln+1), respectively. Using the orthogonal decom-
position sln+1 = gln ⊕ sln+1/gln, we have
SV k(sln+1) ∼= V k−n−1(sln+1)⊗F(gln)⊗F(sln+1/gln).
By (4.3) of [KS], the fermion algebra F(sln+1/gln) is isomorphic to E(n), and the
map SV k(gln)→ SV k(sln+1) clearly restricts to the inclusion F(gln) →֒ F(gln)⊗
E(n) sending a 7→ a⊗ 1.
We now apply Lemma 3.1 to the case A = V l+1(gln), B = V l(sln+1)⊗E(n) and
C = F(gln). Since F(gln) has trivial center, it follows that
Com(SV k(gln), SV
k(sln+1)) = Com(V
l+1(gln)⊗F(gln), V l(sln+1)⊗ E(n)⊗F(gln))
∼= Com(V l+1(gln), V l(sln+1)⊗ E(n)) = Cl(n).

In view of this isomorphism, we shall call Cl(n) the Kazama-Suzuki coset. It is
expected to be isomorphic toWk(sl(n+1|n)) for generic k, where (k+1)(l+n+1) =
1 [I1]. This conjecture was first stated in this form in the introduction of [CL], and
shall be called Ito’s conjecture in this paper. Here we discuss some features of Cl(n)
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that hold for all n ≥ 3. As shown in Example 7.11 of [CL], Cl(n) has a minimal
strong generating set consisting of even fields in conformal degrees
1, 2, 2, 3, 3, . . . , n, n, n+ 1,
and odd fields in conformal degrees
3
2
,
3
2
,
5
2
,
5
2
, . . . ,
2n+ 1
2
,
2n+ 1
2
.
Also, the Heisenberg field, the Virasoro field, and two odd fields in conformal degree
3
2 generate a copy of the N = 2 superconformal vertex algebra. In the case n = 1,
Cl(1) is just the N = 2 algebra; see Lemma 8.6 of [CL].
Lemma 3.3. For n ≥ 2, and generic values of l, we have a conformal embedding
(3.2) H0 ⊗Wr(sln)⊗ Gl(n) →֒ Cl(n), r = −n+ l + n
1 + l + n
.
Here H0 is the rank one Heisenberg algebra, Wr(sln) is the principal W-algebra of
sln at level r, and
Gl(n) = Com(V l(gln), V l(sln+1)),
which was called a generalized parafermion algebra in [L].
Proof. Since V l(gln) embeds in V
l(sln+1) via (3.1), C
l(n) contains a copy of the
coset Com(V l+1(gln), V
l(gln)⊗ E(n)), which is isomorphic to
H0 ⊗ Com(V l+1(sln), V l(sln)⊗ E(n)) ∼= H0 ⊗ Com(V l+1(sln), V l(sln)⊗ L1(sln)).
By Theorem 1.1, this coset is isomorphic to H0 ⊗Wr(sln).
It is also clear from the definition of Cl(n) that it contains a copy of Gl(n); what
remains to show is that this copy of Gl(n) commutes with H0 ⊗Wr(sln) and that
(3.2) is a conformal embedding. But this is clear from Theorems 5.1 and 5.2 of [FZ],
since the Virasoro elements for the cosets Com(H0, Cl(n)), Com(Wr(sln), Cl(n)),
and Com(Gl(n), Cl(n)) pairwise commute, and their sum is the total Virasoro ele-
ment for Cl(n). 
Remark 3.4. By Theorem 8.1 of [L], Gl(n) is of type W(2, 3, . . . , n2 +3n+1) for
generic values of l. In the case n = 1, Gl(1) coincides with the parafermion algebra
of sl2, which is of type W(2, 3, 4, 5) [DLY].
Let Cl(n) denote the unique simple graded quotient of C
l(n). Suppose first that
l > 1 is a positive integer. Then the maps
V l(gln) →֒ V l(sln+1), V l+1(gln) →֒ V l(sln+1)⊗ E(n)
induce maps of simple vertex algebras
(3.3) Ll(sln)⊗H0 →֒ Ll(sln+1), Ll+1(sln)⊗H0 →֒ Ll(sln+1)⊗ E(n).
In fact, these maps extend to embeddings
Ll(sln)⊗ VL →֒ Ll(sln+1),
Ll+1(sln)⊗ VL →֒ Ll(sln+1)⊗ E(n).(3.4)
Here VL is the lattice vertex algebra associated to the rank one lattice
L =
√
n(n+ 1)(n+ l+ 1) Z,
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which is an extension of H0. It follows from Theorem 8.1 of [CL] that the simple
quotient Gl(n) of Gl(n) coincides with the coset
Com(Ll(sln)⊗ VL, Ll(sln+1)).
Similarly,
Cl(n) = Com(Ll+1(sln)⊗ VL, Ll(sln+1)⊗ E(n)).
In particular, Cl(n) is a vertex superalgebra extension of
VL ⊗Wr(sln)⊗ Gl(n).
It was shown in [ACL] that
Gl(n) ∼=Ws(sll), r = −n+ l + n
1 + l + n
, s = −l+ l + n
1 + l + n
.
which is lisse and rational by [Ar2, Ar3]. It follows that Cl(n) is a rational vertex
superalgebra; see Corollary 14.1 of [ACL].
Remark 3.5. The case l = 1 is degenerate because L1(sln) ⊗ H0 is conformally
embedded in L1(sln+1) [AKMPP], so that G1(n) ∼= C. In this case, C1(n) is an
extension of VL ⊗Wr(sln), where L =
√
n(n+ 1)(n+ 2) Z and r = −n + 1 + n
2 + n
,
so it is also rational and lisse.
For l > 1, the key ingredient in proving the rationality of Cl(n) is that Gl(n) is
coincident with a type A principal W-algebra. In fact, the levels l where Gl(n) is
isomorphic to Ws(slm) for some m ≥ 3 and some level s ∈ C, have been classified;
see Theorem 10.12 of [L]. In addition to the above family when l = m, we have the
following two additional families:
(1) For n > 1, m ≥ 3, m 6= n+ 1, and l = −(n+ 1) + m− (n+ 1)
m− 1 , we have
Gl(n) ∼=Ws(slm), s = −m+ m− n− 1
m− 1 , −m+
m− 1
m− n− 1 ,
which has central charge c =
(1 + n−m+ nm)(m+ nm− 1)
1 + n−m . Note that the
level l of V l(sln+1) is admissible if m ≥ 2(n+ 1), and m− 1 and m− (n+ 1)
are relatively prime.
(2) For n > 1, m ≥ 3, m 6= n, and l = −(n+ 1) + 1 + n
1 +m
, we have
Gl(n) ∼=Ws(slm), s = −m+ m− n
1 +m
, −m+ 1 +m
m− n,
which has central charge c =
n(m− 1)(1 + 2m+ nm)
n−m . Note that if m+1 and
n+ 1 are relatively prime the level l is boundary admissible for sln+1
Question 3.6. For the above levels l, do the maps
V l(gln) →֒ V l(sln+1), V l+1(gln) →֒ V l(sln+1)⊗ E(n)
induce maps of simple vertex algebras
(3.5) Ll(sln)⊗H0 →֒ Ll(sln+1), Ll+1(sln)⊗H0 →֒ Ll(sln+1)⊗ E(n)?
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Remark 3.7. If the maps (3.5) exist, Theorem 8.1 of [CL] would imply that
Gl(n) = Com(Ll(sln)⊗H0, Ll(sln+1)), Cl(n) = Com(Ll+1(sln)⊗H0, Ll(sln+1)⊗E(n)),
and we would have a conformal embedding
H0 ⊗Wr(sln)⊗Ws(slm) →֒ Cl(n), r = −n+ l + n
1 + l + n
.
4. Ito’s conjecture for n = 2
In this section, we shall prove our main result, which is that Ito’s conjecture holds
for n = 2. For this, we need the explicit free field realization of Wk(sl(3|2)). Recall
that Wk(sl(3|2)) is isomorphic to the intersection of the kernels of the screening
operators Qi acting on H ⊗ Φ(g 1
2
) for i = 1, . . . , 4 if k is generic, see Section 2.
We introduce two even fields H,S and two odd fields G± on H⊗Φ(g 1
2
) defined as
follows:
H = 2α1 − α2 + α3 − 2α4− : Φ1Φ2 : − : Φ1Φ4 : − : Φ3Φ4 :,
G+ =: α1Φ2 : + : α1Φ4 : + : α3Φ4 : +(k + 1)∂Φ2 + 2(k + 1)∂Φ4,
G− =: α2Φ1 : + : α4Φ1 : + : α4Φ3 : +2(k + 1)∂Φ1 + (k + 1)∂Φ3,
S =
3
2
(
: α21 : + : α1α3 : − : α1α4 : −
1
2
: α22 : −2 : α2α3 : + : α2α4 : −
1
2
: α23 :
+ : α24 : − : α1(Φ1Φ2 +Φ1Φ4 +Φ3Φ4) : − : α2(Φ1Φ2 +Φ1Φ4 − 2Φ3Φ4) :
− : α3(2Φ1Φ2 − Φ1Φ4 − Φ3Φ4) : + : α4(Φ1Φ2 +Φ1Φ4 +Φ3Φ4) : +2 : Φ1Φ2Φ3Φ4 :
− 1
2
(4k + 3) : Φ1∂Φ2 : +
1
2
(2k + 3) : Φ1∂Φ4 : +
1
2
(2k + 3) : Φ3∂Φ4 :
− 1
2
(2k + 3) : (∂Φ1)Φ2 : −1
2
(2k + 3) : (∂Φ1)Φ4 : +
1
2
(4k + 3) : (∂Φ3)Φ4 :
+ (k + 1)∂(α1 − α2 − α3 + α4)
)
.
Lemma 4.1. H,S,G± belong to
⋂4
i=1 KerQi.
Proof. Direct calculations. 
Set
L =
1
k + 1
G+(0)G− −
1
2
∂H, W2 =
1
2
L+ S, Q± = G±(0)S +
1
4
∂G±,
W3 = G+(0)Q− −
1
4
(k + 1)
(
2∂S + ∂L+ 6 : HL : −2 : H3 :) ,
where k 6= −1, and we denote by A(z) =∑n∈ZA(n)z−n−1 the field corresponding
to A for any A ∈ H ⊗ Φ(g 1
2
). Then L is a Virasoro element of H ⊗ Φ(g 1
2
) with
central charge −6(3k+2). Even primary elementsH,W2,W3 have conformal degree
1, 2, 3, and odd primary elements G+, G−, Q+, Q− have conformal degree 32 ,
3
2 ,
5
2 ,
5
2
respectively.
Proposition 4.2. For generic k, the elements H,L,W2,W3, G±, Q± strongly gen-
erate the W-algebra Wk(sl(3|2)) in H⊗ Φ(g 1
2
).
Proof. In general, by [KW3, Theorem 4.1], if {ui}dimg
f
i=1 is a basis of g
f with ui ∈ gji ,
where gf is the centralizer of f in g, the W-algebra Wk(g, f ; Γ) has a minimal set
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{J˜ui}dimg
f
i=1 of strong generators, and then J˜ui has the conformal degree 1− ji and
the same parity as ui.
For generic k, let V = ⋂4i=1KerQi be a vertex subalgebra of H ⊗ Φ(g 12 ). By
(2.1), V is isomorphic to Wk(sl(3|2)). By Lemma 4.1, all elements H , L, W2, W3,
G±, Q±, belong to V . Since dim sl(3|2)fprin = 8, and dim sl(3|2)fprin ∩ sl(3|2)j is
equal to 1 for j = 0,−2 and is equal to 2 for j = − 12 ,−1,− 32 , V has a minimal
strong generating set consisting of four even fields in conformal degrees 1, 2, 2, 3 and
four odd fields in conformal degrees 32 ,
3
2 ,
5
2 ,
5
2 respectively. Let Vj be the subspace
of V with conformal degree j and Uj = V<j ∩Span{A1(−n1) · · ·As−1(−ns−1)As ∈ V |
Ai ∈ V<j , ni ≥ 1, s ∈ Z≥1}, where V<j =
⊕
p<j Vp. Then dimV<0 = dimV 12 = 0,
dimV0 = 1, V1 = CH , V 3
2
= CG+ ⊕ CG−, V2 = CL ⊕ CW2, V 5
2
= CQ+ ⊕
CQ−⊕U 5
2
and V3 = CW3⊕U3. Therefore H,L,W2,W3, G±, Q± strongly generate
V ≃ Wk(sl(3|2)). 
Corollary 4.3. If k is generic, the vertex subalgebra of H ⊗ Φ(g 1
2
) (weakly) gen-
erated by H,S,G± is isomorphic to Wk(sl(3|2)).
Proof. By definition, all elements L,W2,W3, Q± belong to the vertex subalgebra
generated by H,S,G±. Therefore the assertion follows from Proposition 4.2. 
Next, we consider the coset Cl(2). Suppose that l 6= −3. Let Ĥ, Ŝ be even
elements and Ĝ± odd elements in V l(sl3)⊗ E(2) defined as follows:
Ĥ =
1
l + 3
(h1 − 2h2 + l : b1c1 : +l : b2c2 :) ,
Ĝ+ =
1
l + 3
(: e3,1b1 : +e3,2b2 :) , Ĝ− =
1
l + 3
(: e1,3c1 : +e2,3c2 :) ,
Ŝ = − 3
2(l+ 3)2
(1
2
: h21 : + : h1h2 : − : h22 : +3 : e1,2e2,1 : − : e2,3e3,2 : − : e1,3e3,1 :
− (2l + 3) : h1b1c1 : +(l + 2) : h1b2c2 : +(l + 1) : h2b1c1 : +(l + 1) : h2b2c2 :
− (3l + 5) : e1,2b2c1 : −(3l+ 5) : e2,1b1c2 : +l(2l+ 3) : b1b2c1c2 : −1
2
l(l+ 2) : b1∂c1 :
− 1
2
l(l+ 2) : b2∂c2 : +
1
2
l(l + 2) : (∂b2)c2 : −2∂h1 + ∂h2
)
.
Lemma 4.4. Ĥ, Ŝ, Ĝ± belong to Cl(2).
Proof. Direct calculations. 
For l 6= −3, set k = 1
l+3 − 1. We define elements L̂, Ŵ2, Ŵ3, Q̂± in V l(sl3)⊗E(2)
in the same way as L,W2,W3, Q±, with A replaced by Â for A = H,S,G±. By
Lemma 4.4, all elements L̂, Ŵ2, Ŵ3, Q̂± belong to Cl(2).
Lemma 4.5. For generic k, there exists a vertex superalgebra homomorphism
γ : Wk(sl(3|2))→ Cl(2), where (k + 1)(l + 3) = 1.
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Proof. Suppose that k is generic. By direct calculations, we have
H(z)H(w) ∼ −2(3k + 2)
(z − w)2 , H(z)S(w) ∼
− 32 (2k + 1)H(w)
(z − w)2 , H(z)G±(w) ∼
±G±(w)
z − w ,
G+(z)G−(w) ∼ −2(k + 1)(3k + 2)(z − w)3 + (k + 1)H(w)
(z − w)2 +
(k + 1)(L(w) + 12∂J(w)
z − w ,
G±(z)S(w) ∼
− 34G±(w)
(z − w)2 +
Q±(w)− 14∂G±(w)
z − w , G+(z)G+(w) ∼ 0 ∼ G−(z)G−(w),
S(z)S(w) ∼
9
4 (3k + 2)(12k
2 + 23k + 6)
(z − w)4
+
3(5k + 2)S(w)− 92 (k + 1)(4k + 1)L(w)− 94 (3k + 1) : H(w)2 :
(z − w)2
+
1
2∂
(
3(5k + 2)S(w)− 92 (k + 1)(4k + 1)L(w)− 94 (3k + 1) : H(w)2 :
)
z − w .
Suppose that (k + 1)(l + 3) = 1. By direct calculations, Ĥ(z), Ŝ(z), Ĝ±(z) also
satisfy the same fomulae as above by replacing A by Â for A = H,S,G±, L,Q±.
By Proposition 4.2 and [KW3, Theorem 4.1], the W-algebra Wk(sl(3|2)) is freely
generated by H,L,W2,W3, G±, Q±. Then, Corollary 4.3 and [DSK, Proposition
3.11] yields a well-defined vertex superalgebra homomorphism
γ : Wk(sl(3|2))→ Cl(2), A 7→ Â, A = H,S,G±,
as desired. 
Theorem 4.6. The map γ is an isomorphism. Therefore, for generic k, we have
Wk(sl(3|2)) ≃ Cl(2),
where (k + 1)(l + 3) = 1.
Proof. Since Wk(sl(3|2)) is generically simple, the map γ is injective for generic k,
so it suffices to show that the coset Cl(2) is strongly generated by the corresponding
fields Ĥ, L̂, Ŵ2, Ŵ3, Ĝ±, Q̂± for generic values of l.
If we rescale the generators of V l(sl3) by
1√
l
, as explained in Example 3.1 of
[CL], we have
lim
l→∞
V l(sl3) ∼= H(8),
where H(8) denotes the rank 8 Heisenberg algebra. In particular, in the limit
l→∞, the rescaled generators
e˜1,3 =
1√
l
e1,3, e˜2,3 =
1√
l
e2,3, e˜3,1 =
1√
l
e3,1, e˜3,2 =
1√
l
e3,2
satisfy the following nontrivial OPEs
e˜1,3(z)e˜3,1(w) ∼ (z − w)−2, e˜2,3(z)e˜3,2(w) ∼ (z − w)−2.
As shown in Example 7.11 of [CL] in the case n = 2,
lim
l→∞
Cl(2) ∼= (H(4)⊗ E(2))GL2 .
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The generators of H(4) are denoted by a1, a2, a¯1, a¯2 in [CL], and they correspond
respectively to the l→∞ limits of e˜1,3, e˜2,3, e˜3,1, e˜3,2. Also, by Lemma 7.12 of [CL],
the generators of (H(4)⊗ E(2))GL2 are given by
jk = : b1∂
kc1 : + : b2∂
kc2 :, w
k = : a1∂ka¯1 : + : a2∂ka¯2 :, k = 0, 1,
νk = : b1∂
ka¯1 : + : b2∂
ka¯2 :, µk = : a1∂kc1 : + : a
2∂kc2 :, k = 0, 1.
Next, replace the generators ei,j , hi of V
l(sl3) with
√
l e˜i,j ,
√
l h˜i, respectively,
and consider the following fields in V l(sl3)⊗E(2), expressed in terms of the variables
e˜i,j, h˜i, bi, ci.
J0 = Ĥ, J1 =
2
9
Ŵ2 − 1
9
L̂− 1
3
: ĤĤ : +
1
2
∂Ĥ,
Ω0 =
8
9
L̂+
2
9
Ŵ2 − 1
3
: ĤĤ :,
Ω1 =
2l
9
Ŵ3 − 2
9
: ĤL̂ : +
1
9
∂L̂− 1
3
: (∂Ĥ)Ĥ : +
1
18
: ĤĤĤ :
− 1
9
∂2Ĥ +
1
9
∂Ŵ2 +
2l
3
: Ĝ+Ĝ− : −2
9
: ĤŴ2 :,
N0 =
√
l Ĝ+, N
1 = −2
√
l
9
Q̂+ − 2
√
l
3
: ĤĜ+ +
8
√
l
9
∂Ĝ+,
M0 =
√
l Ĝ−, M1 =
2
√
l
9
Q̂− − 2
√
l
3
: ĤĜ− +
√
l
9
∂Ĝ−.
(4.1)
It is straightforward to check that the l → ∞ limits of these fields are well-
defined, and that the limits of Jk,Ωk, Nk,Mk coincide with jk, wk, νk, µk, for k =
0, 1. By Corollary 6.12 of [CL], it follows that {Jk,Ωk, Nk,Mk| k = 0, 1} strongly
generates Cl(2) for generic values of l. Finally, it is clear from (4.1) that each of the
fields Jk,Ωk, Nk,Mk for k = 0, 1, is a normally ordered polynomial in the fields
Ĥ, L̂, Ŵ2, Ŵ3, Ĝ±, Q̂± and their derivatives, and the same statement holds if we
switch {Jk,Ωk, Nk,Mk| k = 0, 1} and {Ĥ, L̂, Ŵ2, Ŵ3, Ĝ±, Q̂±}. Therefore, we can
replace {Jk,Ωk, Nk,Mk| k = 0, 1} with {Ĥ, L̂, Ŵ2, Ŵ3, Ĝ±, Q̂±} as a set of strong
generators of Cl(2) for generic values of l. 
In the case n = 2 and r = −2 + l + 2
1 + l + 2
, we have Wr(sl2) ∼= V irc where
c =
l(5 + l)
(2 + l)(3 + l)
. Here V irc denotes the universal Virasoro vertex algebra with
central charge c. Similarly, we denote by V irc the simple quotient of V ir
c.
Corollary 4.7. For l > 1 a positive integer and (k + 1)(l + 3) = 1, Wk(sl(3|2)) is
lisse and rational. In particular it is an extension of the rational vertex algebra
V√
6(3+l)Z
⊗ V irc ⊗Ws(sll), c = l(5 + l)
(2 + l)(3 + l)
, s = −l + l + 2
l + 3
.
Proof. If we replace the complex parameters k and l in Wk(sl(3|2)) and Cl(2)
with formal variables k and l, respectively, Theorem 4.6 implies that we have an
isomorphism of vertex algebras
Wk(sl(3|2))→ Cl(2),
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which are defined over the (suitably localized) rings C[k] and C[l], respectively.
Here k and l are related by (k + 1)(l+ 3) = 1.
Recall that for all k ∈ C \ {−1}, the specialization of Wk(sl(3|2)) at k = k,
coincides with Wk(sl(3|2)). Similarly, by Corollary 6.7 of [CL], the specialization
of Cl(2) at l = l coincides with Cl(2) for all real numbers l > −2. (In [CL], the
formal variable l was chosen instead so that l =
√
l gave the specialization of Cl(2)
to Cl(2), but the same proof applies). It follows that for all positive integers l > 1,
the isomorphism Wk(sl(3|2)) ≃ Cl(2) of Theorem 4.6 holds.
Next, by Theorem 8.1 of [CL], for all positive integers l > 1, the natural map
Cl(2)→ Cl(2) ∼= Com(Ll+1(sl2)⊗ V√6(3+l)Z, Ll(sl3)⊗ E(2)),
is surjective. Therefore Wk(sl(3|2)) ∼= Com(Ll+1(sl2) ⊗ V√6(3+l)Z, Ll(sl3) ⊗ E(2))
for all positive integers l > 1, and the result follows from Corollary 14.1 of [ACL]
in the case n = 2. 
Remark 4.8. Set (k+1)(l+3) = 1 and c =
l(5 + l)
(2 + l)(3 + l)
. If the maps (3.5) exist
for n = 2, we would have a conformal embedding of simple vertex algebras
H0 ⊗ V irc ⊗Ws(slm) →֒ Wk(sl(3|2)),
in the following cases.
(1) m ≥ 3, l = −3 + m− 3
m− 1 , and s = −m+
m− 3
m− 1 ,
(2) m ≥ 3, l = −3 + 3
m+ 1
, and s = −m+ m− 2
m+ 1
.
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